Abstract. In this paper we point out some inequalities of Hermite-Hadamard type for double integrals of functions whose partial derivatives of higher order are co-ordinated s-convex in the second sense. Our established results generalize the Hermite-Hadamard type inequalities established for co-ordinated s-convex functions and re…ne those results established for di¤erentiable functions whose partial derivatives of higher order are co-ordinated convex proved in a recent paper [24] .
Introduction
The following de…nition is well known in literature: A function f : I ! R, ; 6 = I R, is said to be convex on I if the inequality
holds for all x, y 2 I and 2 [0; 1]. The inequality (1.1) holds in reverse direction if f is concave. The most famous inequality concerning the class of convex functions, is the Hermite-Hadamard's inequality.
This double inequality is stated as:
where f : I ! R, ; 6 = I R a convex function, a, b 2 I with a < b. The inequalities in (1.2) are in reversed order if f a concave function.
The inequalities (1.2) have become an important cornerstone in mathematical analysis and optimization and many uses of these inequalities have been discovered in a variety of settings. Moreover, many inequalities of special means can be obtained for a particular choice of the function f: Due to the rich geometrical signi…cance of Hermite-Hadamard's inequality (1.2), there is growing literature providing its new proofs, extensions, re…nements and generalizations, see for example [8, 14, 19, 29, 32, 33] and the references therein.
In the paper [15] , Hudzik and Maligranda considered, among others, the class of functions which are s-convex in the second sense. This class is de…ned follows:
A function f : [0; 1) ! R is said to be s-convex in the second sense if
holds for all x; y 2 [0; 1) ; 2 [0; 1] and for some …xed s 2 (0; 1]. It can be easily seen that for s = 1, s-convexity reduces to ordinary convexity of functions de…ned on [0; 1).
In [9] , Dragomir and Fitzpatrick proved a variant of Hadamard's inequality which holds for s-convex functions in the second sense. The constant k = 1 s+1 is the best possible in the second inequality in (1.4) .
For more about properties and Hermite-Hadamard type inequalities of s-convex functions in the second sense we refer the interested readers to [7, 9, 12, 15, 20] . holds for all (x; y); (z; w) 2 and 2 [0; 1]: A modi…cation for convex functions on ; known as co-ordinated convex functions, was introduced by S. S. Dragomir [10] as follows:
A function f : ! R is said to be convex on the co-ordinates on if the partial mappings f y :
A formal de…nition for co-ordinated convex functions may be stated as follow:
[21] A function f : ! R is said to be convex on the co-ordinates on if the inequality
trf (x; u) + t(1 r)f (x; w) + r(1 t)f (y; u) + (1 t)(1 r)f (y; w)
holds for all t; r 2 [0; 1] and (x; u); (y; w) 2 :
Clearly, every convex mapping f : ! R is convex on the co-ordinates but converse may not be true [10] .
The following Hermite-Hadamard type inequalities for co-ordinated convex functions on the rectangle from the plane R 2 were established in [10] :
The above inequalities are sharp.
The concept of s-convex functions on the co-ordinates in the second sense was introduced by Alomari and Darus in [3] as a generalization of the usual co-ordinated convexity:
with a < b and c < d. The mapping f : ! R is s-convex in the second sense on if A formal de…nition of co-ordinated s-convex function in second sense may be stated as follows:
[0; 1) 2 ! R is called s-convex in the second sense on the co-ordinates on if
holds for all t; r 2 [0; 1] and (x; u); (y; u); (x; w) ; (y; w) 2 , for some …xed s 2 (0; 1]. The mapping f is concave on the co-ordinates on if the inequality (1.6) holds in reversed direction for all t; r 2 [0; 1] and (x; y); (u; w) 2 with some …xed s 2 (0; 1].
Furthermore, Alomari and Darus [5] introduced a new class of s-convex functions on the co-ordinates on the rectangle from the plane as follows: such that
holds for all (x; y); (z; w) 2 , 
2 ! R is called s-convex in the second sense on the co-ordinates on if 
is s-convex function in the second sense on the co-ordinates on . Then one has the inequalities:
In recent years, many authors have proved several inequalities for co-ordinated convex functions. These studies include, among others, the works in [1, 3, 4, 5, 6] , [10] , [13] , [21] - [24] , [25] - [28] and [31] . Alomari et al. [1, 3, 4, 5, 6] , proved several Hermite-Hadamard type inequalities for co-ordinated s-convex functions and coordinated log-convex functions. Dragomir [10] , proved the Hermite-Hadamard type inequalities for co-ordinated convex functions. Hwang et. al [13] , also proved some Hermite-Hadamard type inequalities for co-ordinated convex function of two variables by considering some mappings directly associated to the Hermite-Hadamard type inequality for co-ordinated convex mappings of two variables. Latif et. al [12] - [14] , proved some inequalities of Hermite-Hadamard type for di¤erentiable co-ordinated convex functions, di¤erentiable functions whose higher order partial derivatives are co-ordinated convex , product of two co-ordinated convex mappings and for co-ordinated h-convex mappings. Özdemir et. al [25] - [28] , proved Hadamard's type inequalities for co-ordinated convex functions, co-ordinated sconvex functions and co-ordinated m-convex and ( ; m)-convex functions.
The main aim of this paper is to establish some new Hermite-Hadamard type inequalities for di¤erentiable functions whose partial derivatives of higher order are co-ordinated s-convex in the second sense on the rectangle from the plane R 2 which generalize the Hermite-Hadamard type inequalities proved for co-ordinated s-convex functions in the second sense and re…ne those results established for di¤er-entiable functions whose partial derivatives of higher order are co-ordinated convex on the rectangle from the plane R 2 (see [24] ).
Main Results
In this section we establish new Hermite-Hadamard type inequalities for double integrals of functions whose partial derivatives of higher order are co-ordinated s-convex in the second sense.
To make the presentation easier and compact to understand, we make some symbolic representations as follows:
where the sums above take 0, when m = n = 1 and m = n = 2 and hence
In what follows is the interior of = [a; b] [c; d] and L ( ) is the space of integrable functions over .
The following two results will be very useful in the sequel of the paper:
! R be a continuous mapping such that the partial derivatives @ k+l f (:;:) @x k @y l , k = 0; 1; : : : ; n 1, l = 0; 1; : : : ; m 1 exist on and are continuous on ; then
@t n @r m drdt; 
for (x; y) 2 :
Let f : ! R, be a continuous mapping such that @ m+n f @x n @y m exists on and
Now we prove our main results. 
@t n @r m is s-convex on the co-ordinates on in the second sense; for m, n 2 N, m, n 2, then we have the following inequality:
where L = n (n 1) + s 1 (n 2) (n + s 1 ) (n + s 1 + 1) Proof. Suppose m; n 2. By Lemma 1, we have
By s-convexity of @ m+n f @t n @s m on the co-ordinates on , we get that
Analogously,
[mB (m; s 2 + 1) 2B (m + 1; s 2 + 1)] ; (2.6)
[nB (n; s 1 + 1) 2B (n + 1;
and Proof. The case q = 1 is the Theorem 5. Suppose q > 1, then by Lemma 1 and the power mean inequality, we have
By the similar arguments used to obtain (2.2) and the fact
we get (2.9). This completes the proof of the theorem. 
@t n @r m drdt: (2.12) By the power mean inequality for double integrals, we have
Now we calculate each integral in (2.13). Since By the co-ordinated s-convexity of
Now by the change of variables u = t a, v = r c and then by the change of
Similarly,
Using (2.15)-(2.18) in (2.14), we obtain 
is convex on the co-ordinates on , m; n 2 N, m; n 2, then
Corollary 2. Under the assumptions of Corollary 1 with m = n = 2, we have
The following corollary is a special case of Theorem 7 for s 1 = s 2 = 1: 
; q 1; is convex on the co-ordinates on , m, n 2 N, m; n 1. Then where P (t) and Q(r) are as de…ned in Theorem 7.
The following Corollary is a special case of Theorem 7 for s 1 = s 2 = 1 and m = n = 1, which gives tighter estimate than those from [23, Theorem 4, page 8]:
Corollary 4. Under the assumptions of corollary 3 with m = n = 1, we have
where P (t) and Q(r) are as de…ned in Theorem 7.
It is easy to see that, when ; q 1; is convex on the co-ordinates on , m, n 2 N, m; n 1. Then where P (t) and Q(r) are as de…ned in Theorem 7.
A di¤erent approach leads us to the following result: where P (t) and Q(r) are as de…ned in Theorem 7. 
